9
Graphically understanding complex roots: an investigation [35 marks]

1. [Maximum marks: 8]
In this question we will explore the complex roots of ! ! = ! ! + 4! + 5
(a)

Write ! ! in the form (! − !)! + !.

(b)

By solving ! ! = 0, find the complex roots of ! ! .

[1]
[1]

(c)

Reflect ! ! in the line ! = !. Call this new graph ! ! .
[1]

(d)

Find the roots !! , !! of ! ! .

[1]

(e)
Rotate !! , !! 90 degrees anticlockwise around the point (!, 0). Write down the
coordinates of the points. How is this related to part (a)?
[2]
(f)

For a graph ! ! with real roots !! = ! + ! , !! = ! − !, what are the
coordinates that represent the complex roots of ! ! in the complex plane?
[2]

2. [Maximum marks: 11]
In this question we will explore the complex roots of ! ! = ! ! − 9! ! + !" − 17
(a)

!(!) has only 1 real root, !! = 1. Write down equations for the sum and
product of the roots of !(!),
[2]

(b)

Hence find the 2 complex roots, !! , !! .

(c)

[3]

By using the factor theorem or otherwise, show that ! = 25.
[2]
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(d)

By method of polynomial long division, factorise ! ! into a linear and
quadratic polynomial.
[2]

(e)

Hence show an alternative method for finding the 2 complex roots, !! , !! .
[2]
3. [Maximum marks: 16]
In this question we will investigate a graphical method of finding complex roots of
cubics.

If we have a cubic ! ! with one real root we can graphically find the complex roots by
the following method:
Draw the line through the real root which is also tangent to the curve !(!) at another
point. If the x-coordinate of the point of intersection between the tangent and the
curve is a, and the gradient of the tangent is m, then the complex roots are ! ± !!
(a)

The graph above shows a cubic, with a tangent to the curve drawn so that it
also passes through its real root. Write down the 3 roots of this cubic and
hence find the equation of this cubic.
[6]

(b)

For the curve ! ! = ! ! − 4! ! + 6! − 4, verify that (! − 2) is a factor

[1]

(ii) Given that the line through the real root is a tangent to the curve at ! = ! ,
find the equation of the tangent and show that:
0 = −2!! + 10!! − 16! + 8
[6]
(iii) Hence find the complex roots of !(!)

[3]

Copyright Andrew Chambers 2020. Licensed for non-commercial use only. Visit
ibmathsresources.com to download the full worked mark-scheme and for 300 exploration ideas.

